Abstract-In the present paper, the researchers discuss the problem of weighted interval approximation of fuzzy numbers. This interval can be used as a crisp set approximation with respect to a fuzzy quantity. Then, by using this, the researchers propose a novel approach to ranking fuzzy numbers. This method can effectively rank various fuzzy numbers, their images and overcome the shortcomings of the previous techniques.
1.INTRODUCTION
In decision analysis under fuzzy environment, ranking fuzzy numbers is a very important decision-making procedure. Since Jain, Dubis and Prade [17] introduced the relevant concepts of fuzzy numbers, many researchers proposed the related methods or applications for ranking fuzzy numbers. For instance, Bortolan and Degani [5] reviewed some methods to rank fuzzy numbers in 1985, Chen and Hwang [6] proposed fuzzy multiple attribute decision making in 1992, Choobineh and Li [7] proposed an index for ordering fuzzy numbers in 1993, Lee [15] ranked fuzzy numbers with a satisfaction function in 1994, Fortemps [8] presented ranking and defuzzification methods based on area compensation in 1996, and Raj [14] investigated maximizing and minimizing sets to rank fuzzy alternatives with fuzzy weights in 1999. In 1988, Lee and Li proposed the comparison of fuzzy numbers, for which they considered mean and standard deviation values for fuzzy numbers based on the uniform and proportional probability distributions. Although, Cheng overcame the problems from these comments and also proposed a new distance index to improve the method [16] proposed by Murakami et al., Chu and Tsao's still believed that Cheng's method contained some shortcomings. Furthermore, Cheng also proposed a distance method to rank fuzzy numbers for improving the method of Murakami et al. and the distance method often contradicts the CV index on ranking fuzzy numbers. To overcome these above problems, Chu and Tsao proposed a method to rank fuzzy numbers with an area between their centroid and original points. The method can avoid the problems Chu and Tsao mentioned; however, the researchers find other problems in their method. Also, Wang et al. [27] proposed an approach to ranking fuzzy numbers based on lexicographic screening procedure and summarized some limitations of the existing methods. Having reviewed the previous methods, this article proposes here a method to use the concept weighted interval-value of a fuzzy number, so as to find the order of fuzzy numbers. This method can distinguish the alternatives clearly. The main purpose of this article is that, this weighted interval-value of a fuzzy number can be used as a crisp set approximation of a fuzzy number. Therefore, by the means of this approximation, this article aims to present a new method for ranking of fuzzy numbers.
In addition to its ranking features, this method removes the ambiguities resulted and overcome the shortcomings from the comparison of previous ranking.
The paper is organized as follows: In Section 2, this article recall some fundamental results on fuzzy numbers. In Section 3, a crisp set approximation of a fuzzy number is obtained. In this Section some remarks are proposed and illustrated. Proposed method for ranking fuzzy numbers is in the Section 4. Discussion and comparison of this work and other methods are carried out in Section 5.
BASIC DEFINITIONS AND NOTATIONS
The basic definitions of a fuzzy number are given in [9, 10, 11, 12, 13, 19, 20] as follows. Definition 1. Let be a universe set. A fuzzy set of is defined by a membership function , where , indicates the degree of in .
Definition 2. A fuzzy subset of universe set is normal iff , where is the universe set. Definition 3. A fuzzy subset of universe set is convex iff . In this article symbols and denotes the minimum and maximum operators, respectively. Definition 4. A fuzzy set is a fuzzy number iff is normal and convex on . (1) which can be denoted as a quartet .
Definition 6. The -cut of a fuzzy number
, where is a set defined as
According to the definition of a fuzzy number it is seen at once that every -cut of fuzzy number is a closed interval. Hence, this article has , where and . A space of all fuzzy numbers will be denoted by . Definition 7. [4] . For two arbitrary fuzzy numbers and with -cut sets and respectively, the quantity , where denotes a metric defined in the family of all fuzzy numbers. Definition 9. [25] . An interval approximation operator satisfying in condition for any is called the continuous interval approximation operator.
WEIGHTED INTERVAL -VALUE APPROXIMATION
Various authors in [18] and [25] have studied the crisp approximation of fuzzy sets. They proposed a rough theoretic definition of that crisp approximation, called the nearest ordinary set and nearest interval approximation of a fuzzy set. In this section, the researchers will propose another approximation called the weighted interval-value approximation. Let be an arbitrary fuzzy number and be its -cut set.
This article will try to find a closed interval , which is the weighted interval to with respect to metric . Since each interval with constant -cuts for all is a fuzzy number, hence, suppose , i.e. , . So, this article has to minimize (3) with respect to and , where In order to minimize it suffices to minimize It is clear that, the parameters and which minimize Eq.(3) must satisfy in Therefore, this article has the following equations:
The parameter associated with the left bound and associated with the right bound of the weighted interval-value can be found by using Eq. (4) as follows: (5 It shows that our weighted interval-value approximation is continuous interval approximation.
COMPARISON FUZZY NUMBERS BY WEIGHTED INTERVAL
In this Section, the researchers will propose the ranking of fuzzy numbers associated with the weighted interval-value. Let be an arbitrary fuzzy number that is characterized by (1) and be its -cut and be its the weighted interval-value. Since ever weighted interval-value can be used as a crisp set approximation of a fuzzy number, therefore, the resulting interval is used to rank the fuzzy numbers. Thus, is used to rank fuzzy numbers. Definition 10. Let represents the set of closed intervals in . The interval order
This article considers the following reasonable axioms that Wang and Kerre [21] proposed for fuzzy quantities ranking. Let be an ordering method, the set of fuzzy quantities for which the method can be applied, and a finite subset of . The statement "two elements and in satisfy that has a higher ranking than when is applied to the fuzzy quantities in" will be written as " by on " , " by on ", and " by on " are similarly interpreted. The axioms as the reasonable properties of ordering fuzzy quantities for an ordering approach are as follows: (A-1), (A-2) , ..., (A-5) and (A-7) are hold. For the proof of (A-6), this article consider the fuzzy numbers , and . Let , from the relation (7), there is 
NUMERICAL EXAMPLES
In this section, the researchers compare proposed method with others in [1, 2, 3, 7, 22, 23, 24] . Throughout this section the researchers assumed that Example 1. Consider the following sets, see Yao and Wu [27] . To compare with other methods authors refer the reader to Table 1 . Note that, in Table ( 1) and in set (4), for Sign Distance(p=1), Distance Minimization, Chu-Tsao and Yao-Wu methods, the ranking order for fuzzy numbers and is , which is unreasonable. But this method has the same result as other techniques(Cheng distribution). Example 2. The two symmetric triangular fuzzy numbers = (1, 3, 5) and = (2, 3, 4), taken from paper [24] . To compare with other methods this article refer the readers to Table 2 . In this Table, is the result of Sign Distance method with p=1, Magnitude method, Distance Minimization and Chen method, which is unreasonable. The results of proposed method is the same as Sign Distance method with p=2, i.e. . . Clearly, this proposed method has consistency in ranking fuzzy numbers and their images, which could not be guaranteed by CV-index method. All the above examples show that the results of this method are reasonable results. This method can overcome the shortcomings of "Magnitude method" and "Distance Minization" method.
CONCLUSION
In this paper, the researchers proposed a method to rank fuzzy numbers. This method used a crisp set approximation of a fuzzy number that this operator leads to the interval which is the best one with respect to a certain measure of distances between fuzzy numbers. The method can effectively rank various fuzzy numbers and their images (normal/ nonnormal/trapezoidal/general), and overcome the shortcomings which are found in the other methods.
